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ABSTRACT 

If f :  ~A -+ ~A is an endomorphism of an irreducible shift of finite type, and p 
is a rational prime which divides the degree off, then p divides every non-leading 
coefficient of XA. We also give constraints on the possible degrees of finite-to-one 
factor maps between shifts of finite type. 

O. Introduction 

It is a curious fact that if ~]A and ZB are irreducible shifts of  finite type of 

equal entropy, and f :  ZA --' ~ 8  is a factor map, then there is a positive integer d 

such that every point in ~B with dense forward and backward orbit, under the 

shift, has exactly d preimages, d is called the degree of f. Previous authors have 

shown that the degree of  a factor map is not arbitrary. L. R. Welch showed that 

i f f  is an endomorphism of the full shift on n symbols, then the degree o f f  divides 

a power of n ([H, 14.9]). Next, M. Boyle proved that if S is an irreducible sofic 

system of entropy log )% and f :  S ~ S is an endomorphism, then the degree o f f  

is a unit in Z[1/X] ([B1, Corollary 2.3]). See also [A] for interesting recent work 

on degrees. 

In this paper, we prove that for an irreducible shift of finite type ~A, the 

degree of an endomorphism must be a unit in Z[1/y]  for any non-zero eigenvalue 

y. This answers a question of Boyle in [B1]. We prove the following results. 

THEOREM A. (See Theorem 2.7.) Let ~A be an irreducible shift o f  f inite type 

and y a non-zero eigenvalue for  A.  Then there exists a f inite set E o f  positive in- 

tegers such that i f  f :  NA - '  Z 8  is a finite-to-one factor map, deg( f )  = d, and 

mul t (A,7)  = mult(B,y) ,  then d = eu, where e E E and u is a unit in Z[1 /y ] .  

(Mult (A,  y ) is the algebraic multiplicity o f  y in XA. ) 
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COROLLARY B. (See Corollary 2.8.) Let ~--aA be an irreducible shift of  finite 

type and let f :  EA - '  W'A be an endomorphism, deg ( f )  = d. Let -y be a non-zero 

eigenvalue for  A.  Then d is a unit in Z [ I / T ] .  

COROLLARY C. (See Corollary 2.11.) Let ~A be an irreducible shift o f  finite 

type, and let f :  EA --' ZA be an endomorphism, d e g ( f )  = d. I f  p is a rational 

prime dividing d, then p divides every non-leading coefficient of  XA. 

In [T] we proved these results in the special case t h a t f  is constant-to-one (i.e. 

every point has exactly d inverse images). Theorem A and Corollaries B and C are 

generalizations of  [B1, Theorem 2.2 and Corollary 2.4]. 

I wish to thank Brian Marcus and Bruce Kitchens for helpful discussions con- 

cerning this paper. I thank the referee for suggesting several improvements.  

1. Background 

We assume that the reader has some familiarity with shifts of  finite type and 

symbolic dynamics. For a more thorough introduction to the subject, see [AM] or 

[PT]. 

Let A be an n × n, non-negative, integral matrix, and let G(A)  be the directed 

graph on n vertices, with Aij edges f rom vertex i to vertexj .  Let 8A = {vertices of  

G(A)}. Elements of  SA are called states. Let GA = [edges of  G(A)}. We define the 

shift of  finite type, ~]A = IX E ~.,z :Xi+ 1 follows xi for all i}, where x,+l follows xi 

if the terminal vertex of  x~ is the initial vertex of x,+l. 

An A-word is a sequence w = xlx2. • .xn E ~ such that xg+l follows x~, 1 _< i < 

n. I f  a is the initial vertex of  x~, and a '  is the terminal vertex of xn, we say that w 

begins with xl (or begins with a) and w ends with x~ (or ends with a ' ) .  

A is irreducible if, for each i,j, there exists n = n( i , j )  such that A~ > 0. ~]A is 

irreducible if A is. A factor map f :  ZA ~ EB is a continuous, surjective map 

which commutes with the shift, f is finite-to-one if there exists N E Z + such that 

# f - l ( y )  <_ N for all y E Z~ .  By [CP1, Cor. 4.5], this is equivalent to h (~ f ] A )  = 

h(ZB). 
Our main tools in this paper will be an A-invariant subspace V of  C n and an 

A:r-invariant subspace W. The details of  this construction are given in [KMT, sec- 

tion 4]. We review them here. 

DEFINITION 1.1. Let f :  •A -" ~ 8  be a finite-to-one, one-block factor map, W,A 

irreducible. The degree o f f  (denoted deg( f ) )  is defined by 
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d e g ( f )  = inf inf 
Y l  " " " Y n  l_<i_<n 

a B - w o r d  

# { a E gA : there exists an A-word xl • • • xn such that 

xi = a and f (x1"  • xn) = YI"" "Yn ]. 

The degree of  an arbitrary finite-to-one factor map is defined to be the degree 

of  the one-block map obtained by passing to a higher block presentation (see [AM, 

p. 13]). It is easily verified that this definition is invariant under conjugacy. 

A B-word for which the infimum occurs is called a magic word. For the case 

d = 1, this was called a resolving block in [AM]. A magic word of length one is 

called a magic symbol Up to topological conjugacy of the domain and range, any 

finite-to-one factor map can be assumed to have a magic symbol (see [KMT, The- 

orem 2.3]). I f  d e g ( f )  = d and w is a magic word for f ,  it is not hard to show that 

every y E ~ e  has at least d preimages, and every y, in which w occurs infinitely 

often to the right and the left, has exactly d preimages (see [KMT, Theorem 2.6]). 

In particular, every bilaterally transitive point has exactly d preimages. This fact 

was originally proved by G. Hedlund for endomorphisms of full shifts [H, 14.9], 

and later extended to shifts of  finite type by E. Coven and M. Paul [CP2, Theorem 

6.5]. 

In what follows, we assume that f :  ZA ~ Z 8  is a finite-to-one one-block map,  

~A irreducible, d eg ( f )  -- d and s is a magic symbol f o r f  Assume A is n x n and 

B i s k x k .  

DEFINITION 1.2. 

I f  a E $8, let 

Let 

Re -- [B-words which end with s] and 

LB = {B-words which begin with s}. 

R~ = {B-words w E RB: W begins with a] and 

L~ = [B-words w E L s :  w ends with a] .  

For each w E Rs,  and a E f - l ( s ) ,  define a 1 x n row vector r (w'~) by 

(r~W'=))i = f  1 

0 

if there exists u E f - l ( w )  beginning with i E SA 

and ending with a E f - l ( s ) ,  

otherwise. 
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In [KMT], this was defined to be an n × 1 column vector, so that several state- 

ments in [KMT] need to be transposed to agree with our notation. (T will denote 

the transpose of a matrix or vector.) 

Similarly, if w' E LB, let l ~w'") be the 1 × n row vector defined by 

flo i f ther '~ .exis tsvEf-~(w')endingwithiEgA 
(l(W',CO)i _ =  and beginning with a E f  l(s) ,  

otherwise. 

Let r w = ~,~ef-l(s)r(W'a) and l w' = ~c~Ef-l(s) l (w'eO. 

LEMMA1.3. I f  vERB,  w E Le, a E f - l ( s ) ,  then 

(i) lCW'~)rVr = (10 if v E R~ and w E LaBf°r s°me a E 

lWr~,~)T=(; ifvER~andwEL~forsomeaESe,otherwise; 

(ii) l W r J = ( ~  otherwise.ifwEL'bandvER~f°rs°meaE$8' 

PROOF. The proof  of  (i) is contained in the first part of the proof  of  [KMT, 

Lemma 4.5]. To prove (ii), simply observe that i f f - l ( s )  = {oq,o~2 . . . . .  ad}, then 
lWr °r = Z/d=l l{W'~)r or = d, by (i). [] 

DEFINITION 1.4. Let 

V =  complex span [lW: w C LI~} and W =  complex span {r": v E Re] .  

LEMMA 1.5. V is A-invariant and W is Ar-invariant. 

PROOV. The first statement follows f rom [KMT, Lemma 4.3]. The second 

is proved similarly, observing that if v E Re, then rVA r = ~,e~,<~)r ~', where 

(P(v) = [a E g8:av is allowedl. 

LZ~MA 1.6. (See [KMT, Lemma 4.5].) There exist surjective linear maps da : 
V--, C* and 0 : W--, C ~ such that, for x E V, y E W, xA(~ = xOB and yA rO = yOB r. 

PROOf. The proof  of  [KMT, Lemma 4.5] shows that there is a matrix M 

such that I~w'")MB = I<~'~)AM for all w E Le.  Summing over a Ef-~(s )  yields 

IWMB = lWAM. Observing that I'~M = de~, if w C L~ (where eo is a standard ba- 
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sis vector), proves the first statement. The second is proved similarly: 0 is repre- 

sented by an n × k matrix N, in which column a is l w~, where w~ E L~. [] 

2. Main results 

DEHmTION 2.1. Let (R be a subring of C containing 1. An (R-vector is a vec- 

tor v E C" all of  whose components lie in (R. 

NOTATION. Let A be an n x n matrix, and 2/an eigenvalue for A. Let 

~ ( A , y )  = {v E Cn: v ( A  - y I )  ~ = 0 for some i E Z +1 

denote the generalized eigenspace for A. 

Let mult (A, y) denote the algebraic multiplicity of  y in XA. Clearly, mult (A, y)  = 

d i m g ( A , y )  = d i m ~ ( A r ,  y) .  

LEMMA 2.2. Let A be an n × n integral matrix, and y a non-zero eigenvalue for  

A.  Let l E g ( A ,  y)  and r E g ( A r ,  y)  and suppose l and r are Z[1/y]-vectors.  I f  

A is shift equivalent over Z to A ,  then there exist { E  g ( A , y )  and ? E ~ ( A r ,  y ) ,  

both o f  which are Z[I /y]-vectors ,  such that [ F  = lr r. 

PRoof. Since A is shift equivalent over Z to A, we have A R  = RA ,  SA = 

AS,  RS  = A m, SR -- A m, for integral matrices R and S and a positive integer m. 

(See [W1] for definitions.) We claim that A acts invertibly on the module M = 

~ ( A , y )  A (Z[1/y] )  n. To see this, observe that since l ( A  - y I )  i = 0, for some i, 

we may solve for l to obtain l = lp (A) ,  where p ( x )  is a polynomial over Z [1 /y ]  

with constant term 0. Therefore, l = l q (A )A ,  where lq(A)  E M,  so AIM is surjec- 

tive. Since A is clearly one-to-one on M, it is invertible. It follows that there ex- 

ists l '  E M s u c h  that I 'A m = l. Now, let [ =  I 'R and ? =  rS T. C l e a r l y / a n d  ?a re  

Z[1/y]-vectors .  It follows from the shift equivalence equations that [ E  ~ ( A , y )  

and ? E g( ,~r ,  y) ,  and we have [?r = l ,RSrr  = l ,Amrr  : lr T. [] 

LEM~A 2.3. Let f :  ZA ~ ~B be a finite-to-one, one-block factor map, ~aA ir- 

reducible, with magic symbol s, and let V and W be the subspaces in Definition 1.4. 

Let y be a non-zero eigenvalue for  A.  I f  mul t (A ,y )  = mul t (B,y) ,  then ~ ( A , 7 )  c_ 

V and ~ ( A r ,  y)  c_ W. 

PROOF. Assume that B is k × k. By Lemma 1.6, there exists a surjective linear 

map ~ : V ~  C k such that for all v E V, vAc~ = v4)B. By duality, it follows that V 

contains mult(B, y)  linearly independent vectors in ~(A,  y) .  Since d img(A,  3,) = 

mult(A,-y) = mul t (B,y) ,  these vectors must span ~ ( A , y ) ,  and so ~ ( A , y )  c V. 

A similar argument shows that ~(AT,~)  c W. [] 
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In Lemmas 2.4 and 2.5 we assume that f :  ~]A --' Z8  is a finite-to-one one-block 

factor map with magic symbol s, deg ( f )  = d, that ~]A is irreducible, and that R 

is a subring of  C containing 1. 

LEg~A 2.4. Let Z c i l  wi and ~ d i r  v~ be 61-vectors, ci,di E C. Then for  each 

a E 8B, 

~_j c iE61  and ~ d i E ( R .  
i: wiE LaB i: viERaB 

PROOF. Given a E SB, choose v E R~ and c~ E f - l ( s ) .  Then 

i: wiELaB 

by Lemma 1.3(i). Since the left side is the product of two 61-vectors, it lies in 61. 

A similar argument (using l (w'~)) proves the second assertion. [] 

I f  l = ~ c i l  ~ and r = ZdjrO; are 61-vectors, ci,d; E C, then d di- LEMMA 2.5. 

rides lr r in 61. 

PROOF. 

= ~_~ cidslWir ~f 
i,j 

= ~_a ~_~ cidj lwirvf 
aESB i,j:wiELaB 

aGSB i:wiELaB j:vjCRaB 

The last two steps follow from Lemma 1.3(ii). Since both sums inside the brackets 

are in 6l, by Lemma 2.4, the entire sum is divisible by d in 61. [] 

LEMMA 2.6. Let f :  ~]A ~ ~B be a finite-to-one factor map, deg( f )  = d. Let y 

be a non-zero eigenvalue for  A ,  and let 1 E ~(A, ' y )  and r @ ~(AT, y) .  Assume 

that l and r are Z[1/3,] -vectors and that mul t (A,y)  = mult(B,3,). Then d divides 

lr T in Z[1/3,]. 

PROOF. By [KMT, Theorem 2.3], there exists ~,~ topologically conjugate 

to ~A, a positive integer N, and a one-block map f :  ~A -~ ZBtNJ, SO that f 
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has a magic symbol s. By [W2, Corollary 4.8], mul t (A,y)  = mul t (A,y)  and 

mult(B LNl,y) = mult(B,y) ,  so mul t (A,7)  = mult(BCN~,7). Since ~A is topolog- 

ically conjugate to Z ~ ,  A and A are shift equivalent (see [W1]). By Lemma 2.2, 

there exists [E  ~(A,3`) and f E  ~(AT,3'), both of which are Z[1/y]-vectors, such 

that I F  = lr r. Let V and W be the subspaces of  Definition 1.4. By Lemma 2.3, 

g ( A , y )  c_ Vand ~(AT,3`) c_ W, so that [ E  Vand  ? E  W. By Lemma 2.5, with 

6t = Z [ 1 /y ] ,  d divides [~T, and therefore lr r, in Z [1 /y ] .  [] 

We can now state our main results. 

TnEOREM 2.7. Let ~A be an irreducible shift o f  finite type, and 3  ̀a non-zero 

eigenvalue for  A .  Then there exists a finite set E o f  positive integers such that i f  

f :  ZA ~ ZB is a finite-to-one factor map, deg( f )  = d, and 7 is an eigenvalue for  

B, with mul t (A,y)  = mult(B,3`), then d = eu, where e C E and u is a unit in 

Z[1 /y ] .  

COROLLARY 2.8. Let ~A be an irreducible shift o f  finite type and let f:  ~A 

~A be an endomorphism, deg(f )  = d. Let 3  ̀be a non-zero eigenvalue for A.  Then 

d is a unit in Z[1/3`]. 

PROOF OF 2.7. First, choose l E g (A, 7,), and r E 9 (A r, 3'), both of which are 

Z[1/3`]-vectors, and such that lr T ~ O. To see that we can do this, first choose 

] E  ~(A,3`), which is a Q[3`]-vector. Since for any eigenvalue o~ 4: % and v E 

~ (Ar ,  a ) ,  iv r = 0, and since the generalized eigenvectors span C n (where A is 

n × n), there exists ~ E g ( A T , 7 )  such that [fT :~ 0, and we may assume g is a 

Q [y]-vector. Now, mul t ip ly /and  g by a sufficiently large integer to obtain gen- 

eralized eigenvectors l and r, which are Z [3`]-vectors, and therefore Z[1/3`]-vectors 
(since Z[3`] c_ Z[I/3`]). 

The remainder of  the proof  now continues essentially as in the proof  of [B1, 

Theorem 2.2], although we are applying that argument to all non-zero eigenval- 

ues, rather than just the Perron value. 

Since 1/lrT-E Q[3`], there exists a positive integer m such that m / l r T E  Z[3`] _c 

Z[I/3`].  Let E be the set of positive integers dividing m. If f :  ~A ~ ~B is finite- 

to-one and m u l t ( A , y )  = mul t (B,y) ,  then lrr/d E Z[1/y]  by Lemma 2.6. So 

m _ m l r  T [ 1 ]  
d lr T d E Z  - . 3  ̀

Write d = eu, where e = gcd(m,d )  E E. Let k = m/e. Then 

m 

u u e  d E Z  , 
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with k and u relatively prime. There exist integers x and y such that kx  + uy = 1, so 

k 1 
- x + y =  - 
u U 

and therefore 1/u C Z[1/~] .  [] 

PROOF OF 2.8. This argument appears in [B1, Corollary 2.4]; again, we are ap- 

plying the argument to all non-zero eigenvalues rather than just the Perron value. 

Given EA, let E be the finite set guaranteed by Theorem 2.7. If f is an en- 

domorphism of EA, deg ( f )  = d, then d = eu, where e E F and u is a unit in 

Z[1 / 'N .  Now d e g ( f  k) = eku k, which forces some power of  e, and therefore e it- 

self, to be a unit in Z[1 / 'N.  [] 

EXAMPLE 2.9. Let 

[, 2] 
A = 1 0 " 

Since ~ = - 1  is an eigenvalue for A, if f :  ~A ~ ~A is an endomorphism, 

deg ( f )  = d, then by Corollary 2.9, d is a unit in Z[1/'y] = Z. Therefore d = 1. 

The rational units of Z[1/7]  can be computed from the following proposition. 

PROPOSITION 2.10. Let "y be an algebraic integer with minimal  po lynomia l  

r ( x )  = x n + an_l xn - l  + . . .  + ao, and suppose  d E Z. Then the fo l lowing condi- 

tions are equivalent. 

(1) d is a unit in Z[1 /7] .  

(2) I f  p is a rational pr ime  dividing d, then p divides ai, 0 <- i <- n - 1. 

PROOF. See [B1, Proposition 2.3]. 

COROLLARY 2.11. Suppose  f :  )~'A ~ ~A is an endomorph i sm,  ~ A  irreducible, 

deg( f )  = d. I f  p is a rational prirne dividing d, then p divides every non-leading 

coefficient o f  XA" 

PROOF. By Gauss' lemma, we can factor XA into a product of  irreducible, 

monic polynomials with integer coefficients, each of which is the minimal polyno- 

mial for some of the eigenvalues of A. By Corollary 2.8 and Proposition 2.10, p 

divides the non-leading coefficients of  each of these factors. (This holds trivially 

for the factors, if any, corresponding to eigenvalue 0.) It follows that p divides the 

non-leading coefficients of XA. [] 
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We do not know whether the condition in Theorem 2.7 that mult(A,X) = 

mult(B, ~) can be weakened in general. It can in special cases. For example, if there 

exists an actual eigenvector l for A (not generalized), and an eigenvector r for A r 

such that lr r ~ O, then it is enough to assume that the dimensions of the 7- 

eigenspaces for A and B are equal. This is so because the equality of dimensions 

forces l E Vand r @ W, and the proof  of Theorem 2.7 continues as before. This 

really is a weaker condition, because if ~]A factors onto ~B, then mul t (A,7)  = 

mult(B, 3') implies that the dimensions of the 3'-eigenspaces for A and B are equal 

(since the linear map 4~ of Lemma 1.6, restricted to g (A ,  3'), is an isomorphism). 

However, for some matrices we may have It" r = 0 for all eigenvectors l and r. 

If  A has a unique Jordan block of  largest dimension, then the condition 

mult(A,3')  = muir(B,3') can be replaced by the condition that B have a Jordan 

block of the same size. This is so because the Jordan form away from 0 of B must 

sit inside the Jordan forms away from 0 of Air and A r I w (see [Ki] or use Lemma 

1.6). So choosing l and r from the A-invariant subspace and the Ar-invariant sub- 

space, respectively, corresponding to the largest Jordan block (with lr r ~ 0), 

forces l to lie in V and r to lie in W. 

M. Boyle has observed that there is a partial converse to Corollary 2.11. 

THEOREM 2.12 (Boyle, [B2]). Let A be a non-negative, integral matrix, whose 

minimal polynomial  has degree m, and suppose that d is a positive integer which 

is a unit in Z[1/3'], for  every non-zero eigenvalue 3"for A.  I f  n >_ m, then there ex- 

ists a constant-to-one endomorphism o f  ~ A ,  o f  degree d. 

PROOF. See [T, p. 188]. 

An example due to Boyle and Handelman shows that Theorem 2.12 cannot be 

improved to obtain a constant-to-one endomorphism of ZA of degree d (see [BH, 

example 6.2]). However, the question remains open whether, under the hypothe- 

ses of Theorem 2.12, there exists an endomorphism of ZA (not necessarily con- 

stant-to-one) of degree d. 

Corollary 2.8 generalizes to the case of sofic systems which are almost of finite 

type (called AFT sofic sys tems-see  [BKM] for definitions). 

THEOREM 2.13. Let S be an irreducible A F T  sofic system, presented by the fac- 

tor map 7r : ZA --" S, where ~A is irreducible and 7r is 1-1 on an open set. Let 7 be 

a non-zero eigenvaluefor A .  I f  f :  S--, S is an endomorphism, deg( f )  = d, then d 

is a unit in Z[1 /7] .  
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PROOF. By [BKM, Theorem 9], the map fTr induces a factor map g : ZA -~ ~A 

such that fTr = 7rg. So deg(g) = d. Now apply Corollary 2.8. [] 

If S is not AFT, but f is right closing, constraints on the possible degrees of 
f :  ~A --* S are imposed by the non-zero eigenvalues of the future cover of  S, since 
f must factor through the future cover by a factor map of  degree d (see [BKM, 

Prop. 4]). 

In particular, if f :  ~ 2  ~ S is right closing, then the future cover of  S must be 
shift equivalent to ~ z ,  by [BKM, Prop. 4] and [M, Theorem 8], s o f  induces an 

eventual endomorphism of  Z2 (since ~2  is eventually conjugate to the future 

cover; see [BMT, Theorem 2.16]). Therefore the degree o f f  is a power of  2. Can 

we remove the assumption that f is right closing and obtain the same conclusion? 
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